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A note on the Neumann problem
BIAGIO RICCERI
Let Ω ⊂ Rn be a bounded domain with a boundary of class C1, let α : Ω → R be a
bounded measurable function with infΩ α > 0 and let 1 < p ≤ n. On the Sobolev space
W 1,p(Ω), we consider the norm
‖u‖ =
(∫
Ω
|∇u(x)|pdx+
∫
Ω
α(x)|u(x)|pdx
) 1
p
.
We denote by Ap the class of all Carathe´odory functions ϕ : Ω×R→ R such that
sup
(x,ξ)∈Ω×R
|ϕ(x, ξ)|
1 + |ξ|q
< +∞ ,
for some q with 0 < q < pn−n+p
n−p if p < n and 0 < q < +∞ if p = n. Given ϕ ∈ Ap,
consider the following Neumann problem

−div(|∇u|p−2∇u) + α(x)|u|p−2u = ϕ(x, u) in Ω
∂u
∂ν
= 0 on ∂Ω
(Pϕ)
where ν denotes the outward unit normal to ∂Ω.
Let us recall that a weak solution of (Pϕ) is any u ∈W
1,p such that∫
Ω
|∇u(x)|p−2∇u(x)∇v(x)dx+
∫
Ω
α(x)|u(x)|p−2u(x)v(x)dx−
∫
Ω
ϕ(x, u(x))v(x)dx = 0
for all v ∈W 1,p(Ω).
The functionals Φ, Jϕ :W
1,p(Ω)→ R defined by
Φ(u) =
1
p
‖u‖p
Jϕ(u) =
∫
Ω
(∫ u(x)
0
ϕ(x, ξ)dξ
)
dx
are C1 in W 1,p(Ω), with derivatives given by
Φ′(u)(v) =
∫
Ω
|∇u(x)|p−2∇u(x)∇v(x)dx
1
J ′ϕ(u)(v) =
∫
Ω
ϕ(x, u(x))v(x)dx
for all u, v ∈ W 1,p(Ω). Consequently, the weak solutions of problem (Pϕ) are exactly the
critical points in W 1,p(Ω) of the functional Φ− Jϕ. Moreover, J
′
ϕ is compact, while Φ
′ is
a homeomorphism between W 1,p(Ω) and its dual.
In recent years, the general abstract results established in [30], [31] (see also [35] for
a revisited version) and [33] have widely been applied to study existence and multiplicity
of solutions for problems like (Pϕ). In this connection, we refer, for instance, to [1]-[29],
[32], [34], [37].
Very recently, in [36], we obtained a new general three critical points theorem. Before
recalling it, let us give the following definition.
If X is a real Banach space, we denote by WX the class of all functionals Φ : X → R
possessing the following property: if {xn} is a sequence in X converging weakly to x ∈ X
and lim infn→∞ Φ(xn) ≤ Φ(x), then {xn} has a subsequence converging strongly to x.
Also, given an operator S : X → X∗, we say that S admits a continuous inverse on
X∗ if there exists a continuous operator T : X∗ → X such that T (S(x)) = x for all x ∈ X .
THEOREM A ([36], Theorem 1). - Let X be a separable and reflexive real Banach
space; Φ : X → R a coercive, sequentially weakly lower semicontinuous C1 functional,
belonging to WX , bounded on each bounded subset of X and whose derivative admits a
continuous inverse on X∗; J : X → R a C1 functional with compact derivative. Assume
that Φ has a strict local minimum x0 with Φ(x0) = J(x0) = 0. Finally, setting
η = max
{
0, lim sup
‖x‖→+∞
J(x)
Φ(x)
, lim sup
x→x0
J(x)
Φ(x)
}
,
θ = sup
x∈Φ−1(]0,+∞[)
J(x)
Φ(x)
,
assume that η < θ.
Then, for each compact interval [a, b] ⊂
]
1
θ
, 1
η
[
(with the conventions 10 = +∞,
1
+∞ =
0) there exists r > 0 with the following property: for every λ ∈ [a, b] and every C1 functional
Ψ : X → R with compact derivative, there exists µˆ > 0 such that, for each µ ∈ [0, µˆ], the
equation
Φ′(x) = λJ ′(x) + µΨ′(x)
has at least three solutions whose norms are less than r.
The aim of this paper is to provide an application of Theorem A to problem (Pϕ).
Our main result reads as follows:
THEOREM 1. - Let f ∈ Ap be such that
max
{
0, lim sup
ξ→0
supx∈Ω F (x, ξ)
|ξ|p
, lim sup
|ξ|→+∞
supx∈Ω F (x, ξ)
|ξ|p
}
<
2
<
infΩ α∫
Ω
α(x)dx
sup
ξ∈R\{0}
∫
Ω
F (x, ξ)dx
|ξ|p
, (1)
where
F (x, ξ) =
∫ ξ
0
f(x, s)ds
for all (x, ξ) ∈ Ω×R.
Then, if we set
γ =
∫
Ω
α(x)dx
p
inf
{
|ξ|p∫
Ω
F (x, ξ)dx
:
∫
Ω
F (x, ξ)dx > 0
}
and
δ =
infΩ α
pmax
{
0, lim supξ→0
sup
x∈Ω F (x,ξ)
|ξ|p
, lim sup|ξ|→+∞
sup
x∈Ω F (x,ξ)
|ξ|p
} ,
for each compact interval [a, b] ⊂]γ, δ[ there exists r > 0 with the following property: for
every λ ∈ [a, b] and every g ∈ Ap there exists µˆ > 0 such that, for each µ ∈ [0, µˆ], the
problem 

−div(|∇u|p−2∇u) + α(x)|u|p−2u = λf(x, u) + µg(x, u) in Ω
∂u
∂ν
= 0 on ∂Ω
has at least three weak solutions whose norms in W 1,p(Ω) are less than r.
PROOF. We are going to apply Theorem A taking X =W 1,p(Ω), and
Φ(u) =
1
p
‖u‖p ,
J(u) =
∫
Ω
F (x, u(x))dx
for all u ∈ X .
Note that, by a classical result on uniformly convex spaces, Φ ∈ WW 1,p(Ω).
Also, set
ρ1 = lim sup
ξ→0
supx∈Ω F (x, ξ)
|ξ|p
,
ρ2 = lim sup
|ξ|→+∞
supx∈Ω F (x, ξ)
|ξ|p
.
Fix ǫ > 0 and choose δ1, δ2 > 0 so that
F (x, ξ) ≤ (ρ1 + ǫ)|ξ|
p (2)
3
for all (x, ξ) ∈ Ω× [−δ1, δ1], and
F (x, ξ) ≤ (ρ2 + ǫ)|ξ|
p (3)
for all (x, ξ) ∈ Ω × (R \ [−δ2, δ2]). Due to (2) and (3), since F is bounded on on each
bounded subset of Ω×R, we can choose c > 0 such that
F (x, ξ) ≤ (ρ1 + ǫ+ c)|ξ|
p
for all (x, ξ) ∈ Ω × R. So, if we fix q > p (with q ≤ pn−n+p
n−p
if p < n), by continuous
embedding, for some c1 > 0 (independent of ǫ), one has
J(u) ≤ (ρ1 + ǫ)
∫
Ω
|u(x)|pdx+ c1‖u‖
q
for all u ∈ X . Hence, for each u ∈ X \ {0}, we have
J(u)
‖u‖p
≤
(ρ1 + ǫ)
∫
Ω
|u(x)|pdx
‖u‖p
+ c1‖u‖
q−p ≤
ρ1 + ǫ
infΩ α
+ c1‖u‖
q−p
and hence
lim sup
u→0
J(u)
Φ(u)
≤
p(ρ1 + ǫ)
infΩ α
. (4)
Further, by (3) again, for each u ∈ X \ {0}, we have
J(u)
‖u‖p
=
∫
Ω(|u|≤δ2)
F (x, u(x))dx
‖u‖p
+
∫
Ω(|u|>δ2)
F (x, u(x))dx
‖u‖p
≤
≤
meas(Ω) supΩ×[−δ2,δ2] F
‖u‖p
+
(ρ2 + ǫ)
∫
Ω
|u(x)|pdx
‖u‖p
≤
meas(Ω) supΩ×[−δ2,δ2] F
‖u‖p
+
ρ2 + ǫ
infΩ α
and hence
lim sup
‖u‖→+∞
J(u)
Φ(u)
≤
p(ρ2 + ǫ)
infΩ α
. (5)
Since ǫ is arbitrary, (4) and (5) give
max
{
lim sup
‖u‖→+∞
J(u)
Φ(u)
, lim sup
u→0
J(u)
Φ(u)
}
≤
p
infΩ α
max{ρ1, ρ2} . (6)
Moreover, it is clear that
p∫
Ω
α(x)dx
sup
ξ∈R\{0}
∫
Ω
F (x, ξ)dx
|ξ|p
≤ sup
u∈X\{0}
J(u)
Φ(u)
. (7)
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Then, from (1), (6) and (7), we get
max
{
0, lim sup
‖u‖→+∞
J(u)
Φ(u)
, lim sup
u→0
J(u)
Φ(u)
}
< sup
u∈X\{0}
J(u)
Φ(u)
.
Hence, all the assumptions of Theorem A are satisfied (with x0 = 0). The conclusion then
follows taking Ψ = Jg and remarking that, due to (6) and (7), one has [γ, δ] ⊆
[
1
θ
, 1
η
]
. △
We conclude pointing out an application of Theorem 1 in a case where f is a polynomial
in ξ.
PROPOSITION 1. - Let n = 3, let β : Ω→ R be a bounded measurable function, with
infΩ β ≥ 0 and
∫
Ω
β(x)dx > 0, and let a, b, c ∈ R, with c > 0 and a > −2b
2
9c . When a > 0,
assume that
supΩ β
∫
Ω
α(x)dx
infΩ α
∫
Ω
β(x)dx
< 1 +
2b2
9ac
. (8)
Set
γ0 =
9c
∫
Ω
α(x)dx
(9ac+ 2b2)
∫
Ω
β(x)dx
and
δ0 =
infΩ α
max{0, a} supΩ β
.
Then, for each compact interval A ⊂]γ0, δ0[, there exists r > 0 with the following property:
for every λ ∈ A and every g ∈ A2 there exists µˆ > 0 such that, for each µ ∈ [0, µˆ], the
problem 

−∆u+ α(x)u = λβ(x)(au+ bu2 − cu3) + µg(x, u) in Ω
∂u
∂ν
= 0 on ∂Ω
has at least three weak solutions whose norms in W 1,2(Ω) are less than r.
PROOF. Set
f(x, ξ) = β(x)(aξ + bξ2 − cξ3)
for all (x, ξ) ∈ Ω×R. Note that f ∈ A2 as n = 3. Moreover, if we set
Γ =
{
ξ ∈ R :
a
2
+
b
3
ξ −
c
4
ξ2 ≥ 0
}
we clearly have
supx∈Ω F (x, ξ)
ξ2
=


supΩ β
(
a
2 +
b
3ξ −
c
4ξ
2
)
if ξ ∈ Γ
infΩ β
(
a
2 +
b
3ξ −
c
4ξ
2
)
if ξ ∈ R \ Γ .
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From this, we obtain
lim
|ξ|→+∞
supx∈Ω F (x, ξ)
ξ2
≤ 0
(since c > 0 and infΩ β ≥ 0) as well as
lim
ξ→0
supx∈Ω F (x, ξ)
ξ2
=


a supΩ β
2
if a > 0
a infΩ β
2
if a ≤ 0 .
Consequently, we have
max
{
0, lim
ξ→0
supx∈Ω F (x, ξ)
ξ2
, lim
|ξ|→+∞
supx∈Ω F (x, ξ)
ξ2
}
=
max{0, a} supΩ β
2
. (9)
On the other hand, we also have
sup
ξ∈R\{0}
∫
Ω
F (x, ξ)dx
ξ2
=
(
a
2
+
b2
9c
)∫
Ω
β(x)dx . (10)
At this point, the validity of (1) (for p = 2) follows from (8), (9) and (10) when a > 0.
When a ≤ 0, (1) follows from (9) and (10) as the right-hand side of (10) is positive, by
assumption. So, f satisfies the assumptions of Theorem 1, with p = 2. Now, the conclusion
follows as γ0 = γ and δ0 = δ. △
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